We show that the convergence of Mann iteration is equivalent to the convergence of Ishikawa iteration for various classes of non-Lipschitzian operators.
1. Introduction. Let X be a real Banach space, B a nonempty, convex subset of X, and T : B → B an operator. Let u 1 ,x 1 ∈ B. The following iteration is known as Mann iteration (see [6] ):
(1.1)
The sequence (α n ) n ⊂ (0, 1) is convergent such that Ishikawa iteration is given by (see [5] )
x n+1 = 1 − α n x n + α n T y n , y n = 1 − β n x n + β n T x n , n= 1, 2,.... Moreover, the sequence (α n ) n from (1.3) is the same as in (1.1). The map J : X → 2 X * given by Jx := {f ∈ X * : x, f = x 2 , f = x }, for all x ∈ X, is called the normalized duality mapping. The Hahn-Banach theorem assures that Jx ≠ ∅, for all x ∈ X. It is easy to see that we have j(x), y ≤ x y , for all x, y ∈ X and for all j(x) ∈ J(x). Definition 1.1. Let X be a real Banach space and let B be a nonempty subset. A map T : B → B is called strongly pseudocontractive if there exist k ∈ (0, 1) and a j(x − y) ∈ J(x − y) such that
In (1.5), when k = 1, T is called pseudocontractive. In (1.6), when k = 0, S is called accretive. We denote by I the identity map. (ii) If S is accretive map, then T = f − S is strongly pseudocontractive map. Remark 1.2(i) is obvious from (1.5) and (1.6). For Remark 1.2(ii), supposing that x, y ∈ B and j(x − y) ∈ J(x − y), one obtains
for all k ∈ (0, 1). In [10] , it was shown that the Mann and Ishikawa iterations are equivalent for various classes of Lipschitzian operators. We prove here the equivalence for non-Lipschitzian operators. For this purpose, we need several lemmas. Lemma 1.3 [11] . Let (a n ) n be a nonnegative sequence which satisfies the following inequality: Lemma 1.4 [1, 9] . If X is a real Banach space, then the following relation is true:
2. Main result. We are now able to prove the following result. 
for some positive constant M 1 . Observe that ( T y n − T u n ) n is bounded. We now prove that
Deimling [4, Proposition 12.3, page 115] assures that when X * is uniformly convex, J is uniformly continuous on every bounded set of X. To prove (2.2), it is sufficient to see that
where
The sequences (u n ) n , (x n ) n , (T x n ) n , (T u n ) n , and (T y n ) n are bounded being in the bounded set B. Hence one can see that the M above is finite and (2.2) holds. We define
Again, using (1.1) and (1.3), we get
The last inequality is true because ( T x n −u n ,J(y n −u n ) ) n is bounded, with a constant M 2 > 0. Replacing (2.5) and (2.6) in (2.1), we obtain
The condition lim n→∞ α n = 0 implies the existence of an n 0 such that, for all n ≥ n 0 , we have
Substituting (2.8) into (2.7), we get
Finally,
With a n := x n − u n 2 , λ n := (1 − k)α n ∈ (0, 1), and using Lemma 1.3, we obtain lim n→∞ a n = lim n→∞ x n − u n 2 = 0, that is,
Let x * be the fixed point of T . Suppose that lim n→∞ u n = x * . The inequality
and (2.11) imply that lim n→∞ x n = x * . Analogously, lim n→∞ x n = x * implies lim n→∞ u n = x * .
Remark 2.2. (i) If
T has a fixed point, then Theorem 2.1 holds without the continuity of T .
(ii) If B is not bounded, then Theorem 2.1 holds, supposing that (x n ) n is bounded. The point was to prove that if Mann iteration is convergent (thus bounded), then Ishikawa iteration is convergent too. We remark that having the convergence of Ishikawa iteration, one can immediately deduce the convergence of Mann iteration by setting β n = 0 for all n ∈ N in (1.3). Theorem 2.1 does not completely generalize the Lipschitzian case from [10] because the operator there is not necessarily bounded. Theorem 2.3 [10] . Let K be a closed convex (not necessary bounded) subset of an arbitrary Banach space X and let T be a Lipschitzian pseudocontractive selfmap of K. We consider Mann iteration and Ishikawa iteration with the same initial point and with the conditions lim n→∞ α n = 0, lim n→∞ β n = 0, and
Then the following conditions are equivalent:
3. Further equivalences. Let S be a strongly accretive operator. We consider when the equation Sx = f has a solution for a given f ∈ X. It easy to see that 
2)
The existence of the solution for Sx = f when S is a continuous and strongly accretive operator results from [8] . This argument and Remark 2.2(ii) lead us to the following corollary. 
The existence of a solution for this equation follows from [7] . We are now able to give the following result. Observe that if S is not continuous, and the equations Sx = f , respectively, x +Sx = f , have solutions, then Corollary 3.1, respectively, Corollary 3.2 hold.
We remark that all the results from this paper hold in the multivalued case, provided that these multivalued maps admit appropriate single-valued selections.
